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Lool Langlands couj .

K a nou
- arhlool field

, ( K = [ake") orfinite ext of Qp ?

OEK ring of integers .

K = Ea = residue field

G splut reductivegroup
1

, G =duaigws

locol Lang(auds comespendeao -
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{ meducible
admissable 否reps of Glk) on G-vectr spaesJE

←{ F- senisinpu
weit-

Deligehes
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tiniest

a)

A rep of Eckl is called admissable if V opensubg

U ≤ G (K) ,dinVua ∝ .
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IKIK ☆ Gal (k/ k ) →→Ga(kk) -Ʃ
9

U U
“

Ilk
< Fob >= 2 πwk

:
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↑

Weil groy?



- A Woil - Deligue rep . in G is apair ( ? , 2
,where

e : WK T G ( 4) is a outinuous groushonemorphis

ε lie G (a ) isnitpotbut

such thet o ( g pis )
t
= 191 . EsEwe . tiFnbi = iki = 9)

( this implies is nispoteat)

Ie ,
is F - sewisiuple if O CFub) EG ( E ) issewicinple

⼀

uurauified Case ;

{
iAr ,adnissable unramified reps of G (k)

. 了 仁 奶

ie
. reps thet odmit a non - eroG ( O )- fixedvecter

! : 1

unvawfied weil - belignerepsmisimple

{ i , e
. reps facterthroughWK→x → G

'

(G ) ] ** ](

L Gud X = 0
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Spherid Heckealg a G 101 GlK)tGi0Hsph

alg , structure is gven by anvolutiun :

fi *full (9 ) =
SG(k
, f , ( gx+ ) fzxxdx ,

and it is a oumaative ay .

-

Fruuyrep Vin* ,

Hsph e UG ( O ) by

t . v : = Sackf (
g ) g . vdg.

Moreover
,
this gnes a bijection between

l← { irveducibemoduesforHsph},
1

后

⼀

ThM ( Satake isomorphism) .

JHsph → R ( G )GG - G [ T ]
W

,



Thus
, { ireduciblereps ofHspu}←

" {上
semisiuple ceuugecyJ
clessestin G (a ]

↓ : 1

⼤* )(

chus
,

the Satace isomorphism ⇒ unramified L .Lc
.

Rm上 : Categorificatiou of the sateke isomorphism isgieeby

the geometric satakeequNalbue ,

Ntamyramifiedwithunipoteut monodwmy (TRUM) cale
.

LLC :

{ TRUMre
ofG (k)

ie
, apsaduit a noureoroJkfiniteil

{TRuM WeilDeligne eps . ie

aps fearerthngh 了
Liwahori fixed viecter

WKHE → G( 4 ),arbitvay k

Heve ,
1wahori subgp IC) GLO )

cBck,
bG



IwahoriHecke alg . Haft " ≥ 4
.
[ IIGCK1 /I]

.

As before ,ls←ƩimepsofHatthnitedim"

RHS← 1 { US ,xIEG 1 xw ) sxs = Ex]fognisin,ple

SEGial is the imageofFob ,

WELie GIal is the uilpotent coue .

Heue
,

.IC becomes
.

Deligue -tangtaudsag

{ tinite dimiimepsofHaft } FScsx ε Gaxulcas
-ax

)lgte"

Refined versiou b7 Lusztig—

Add more date ou the RHS :

t im
,

GL4) - equv . lol systen on
the oujugacy classes

of ( s
.

x)



cud this is equir . to the reps of Ccs
,

x ) = thecouponeut

group forthe simultaneous coutraliver of both saud x .

Delighe - Laglauds-tuszting
SEG
(

G ]S .
S

.
,
XEN

,

1{ tinite du ' n inepofHatt }皆{ es ,. x , 4 ) sxt
'

= 9x , 4
tccinJ

6
y

This is proved by Kazhdau - Cuszti' g aud Gihzburg .

Tle goaloftherestofthis ourse is to explain the proof.

Kazhdar- lulttig . Giuzburg
Ist step : lwabori - 1Matsumoto

ECCIIGCKI /I] -Hecealgfrwatt
-KG

*tsteinbery)Hat
Berustein

zud seep , usesheef - methods to classify the imep 5 of KG (
E1 ×4

*

(Stenberg)

⼀

Since we are goiy tofocusou G(a
1

,wewilluse Gforitfomnowon
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Affine Hecke alg .

max trus

G Siuply ounected ,
semisivile alg . grop/4. T

≤ G

P = Houag (T,

G
* ) = Weight lattice .

Waft ' = Wp cexteuded) a ffineWenl grou?

Def : The affine Hecke aly IH isafree4 [ 9
, 9) -module

witl basis { e⼊ . FuI wow ,
λ Ep }

,

s .

t
.

a]
,

Ts) (Ts - E ) = 0 if s is a siuple reflectiou .

b ) 的 Tw =Tawif l ( uw) = ly ) + ll以

c ) exer = eλ
tµ

d ) i+<n .
α i >= 0

,
Tsaen = e

⼊Tsssimple
,

e ) itcn .αi ) = 1
,
Tses☆ Tsa = qr..

Ranks ;

a) + b ) =⇒ {Tul vow ) = Hw = the finitoHeccealy

dte 1 ← Tsxeai -e"Tsa =t - c
)ex -e☆



3 )
,

c ] =) R [T] [ a
,
9
-] <|H

,

41 ) ,( H - R 1T ) [
9

. 9 - 1
]④ ca,

q -
)HwacE[

9
,
9 ] - modules

5) In fact .
IHdefinedaboveis theextended affihe Hecke

alg .

for the langlaudsduolgroup.

⼀

VNEP ,
let t ( e ) : =

Ʃ e
"

,

λ EW - λ

Thu (Berustein ?
dominaut

The ceuter 21H ) is a fre o [ a .
9- ) -uodwith balis { zce ,|xEpt

]

,

aud 2 ( H ) ⇌ R ( T)
W
[ 9

,
9-

]



S Equvariant k - theory aud Hecke alg ,

ref Custtig , equivariant
K -theoryaudrepresentatbns of

Hecke alg .

Recau K
4
*

( pt ) = Z [ q] .

It
'

s Cusatig whoforstreakedthettlu3qis rebted t the

ain the Heckealg .Thus ,weshould be able o use equil . k- theory

to study Hecke algs .

⼀

Lustetiydefihed anactou oftheoffihe
Hecealg .onKG(

后
)?

Firstly ,KGCB ] ⇌ B (pt) = R(T )
,

it has a 2- basis [xi =GBG×

ForanysimplereflecEluSEW , let Ps : = BUBS2B

usider PsB43 a PsBip' fibratiou .

,
SI: : = relathe otangeut sheat

of π s



the actiou of IH ou KGCEB ) is defihed as folbws :

VE ] ε KG ( G后 )
。

Ts ( [π] )=π*πs *
[F ] - [ ⇌] - 下 * π* ( [ Z ]D[ s2;])Ʃ

,

K λε X* [T)
,

e
λ ( [E ] ) : = [ F] ⑤

[⼊⺟

Thn : The above definesauactuu of (H on KGx
4
*

( 后 )
.

wheveEtactstrivially ou GB
.

pf : let
'

s ouputo theseoperaters uuder the isomorphism

KG × G
*

( G后 ) ⇌ 区 [ q , ε] [ X
* (T]] 。

C
⼊ EltH )multipliotion by e

- ⼊
,

let '

s computeTs

Take T= [ ta], wlat' s π s

*

π s * [Li] ?



Tle isoworphism KG ( GB ) R (T )is givew by

⻢][ → [ ⻢] 1 B

"
thepullbackB ∞GB

Thus
,

we weedte ompute π s
*
πsx [L.] IB

.

Bi

瞏 ~∞π

s
*π * [ li] ( B

少
不G

= i* π ,

*
π 1 * [ []

⼼
Ps s

= π s × [[、] Ips S2 slz has

localizaun ⇒ =
CL +

[ t]— weight
*

.

fiber π s
'

Eps ) hal
λ LS2; |) λ ( S2; ls

α
B)

two fixed poiut , {B ,

S
2
B}

,

= ∞ te<
,

itliesinR州
l - e

-

Thus
,

Ts : =π *πs * - id qπ * π ialszs ⑤)

gines the operabr on R[T ) [ 9
,
9]

T π (e ^ ) =毙 α←毙 α -exq 毙+ )
…
…

……



= aiexes
"

qai-
ex

- e*

R巡 : 1
)

9 = 1
,
Ts ( ex ) | a = 1

= sale
λ)

2) 9 = 0

,
Pemazure operabr .

37 This is alledDemazure
- Gusatig operaer .

Now we ouly need techeckalltherelationsin the

affine Hecke alg

Theoulynen- frivdoneis tle braid reeton .
ie

.

we need 四

check fw alltherauk2 rotsysteus
,
Cusatig checked it

by directowpueton .

⼑
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Main result .

s
.

⼼ springer resolution . GXE * eW
SEG .

AEC*
少 u ( g ,

t ) , x
= 2± .gxg ,

× EN ,

ω

GxC
*eN ≈ T

*B .

( g ,
z) - (

x
, b ) = (

z

^gxg 1 ,gbg
)

, bEB , x επ B 7

G
*
- acts trivialb ouβ .

I : = T
* B ☆

T
*

BGx《
*

e、

q :=ideuti 'tyrep ,of
E

5

,
6
*actsou fibersofT* B

b
char . 9

.

(note this is oppositetothe choie in [ CG] in 7 . 2 . 3 ] .

20 : = 炎 () xn) ≤ 2

⼩
KG × G

*

( 20 ) → KG
×G
*

( B
-
) < R (T) [ G .q ]

.

㉜

Th 篮习naturalalg isemorphism
KG×

G

* (2 ) (H
,

st .KG * ε
*

( 20 ) → KGXE
*

(2 )

↓ s ↳ ↓ s

R [T] [ q , 9
- ] ←) ( H



Ru业:)
,

KG × G
*

(pt) ← R(T)
~
[q ,

G
-] Ʃ R( τ) [ G .

9
+] → KG

×ε
*

(20)

C
, KG ×

G
*

(2 ) - 1H is the Conter of IH
.

23 forget the E
5
- actou

,
we get

KG ( 20) → KG ( 2 )

!
,

s s !s
E[wat] u

The isomorphism KGC 2) E [WatI] Cau be proved similarly as

the isoworphisn H 12) CEW] ,viausingtheGnthundieck - Springer

resolutiou
,

i
.

e
.

for ht hres , we ousider

N☆ = grapl of tgh -sguiu) .

However,Since the G
*
- acton doesult preserve gh ,

this

argumert doesut work fr
KG × G

*

() 2 )

Formove details , seeSechouT . 3 in [ CG ]
.


